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Abstract Interactions between plasma membrane-asso-
ciated proteins on interacting cells are critical for many
important biological processes. Few experimental tech-
niques, however, can accurately determine the association
and the dissociation rates between such interacting pairs
when the two molecules diffuse on apposing membranes or
lipid bilayers. In this study, we give a theoretical des-
cription of how and when fluorescence recovery after
photobleaching (FRAP) experiments can be used to quan-
tify these reaction rates. We analyze the effect of binding
on FRAP recovery curves with a reaction—diffusion model
and systematically identify different regimes in the
parameter space of the association and the dissociation
constants for which the full model simplifies into equiva-
lent one-parameter models. Based on this analysis, we
propose an experimental protocol that may be used to
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identify the kinetic parameters of binding in the appropriate
parameter regime. We present simulated experiments
illustrating our protocol and lay down guidelines for
parameter estimation.
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Introduction

Many interfacial biological phenomena consist of interac-
tions between molecules that are confined to two apposing
membranes, often at the site of a cell-cell contact. A familiar
example is the formation of an immune synapse between a T
cell and an antigen presenting cell (APC), driven by inter-
actions between T-cell receptor (TCR) and peptide-MHC
(pMHC) complexes, and a host of coreceptors and adhesion
molecules. Immune synapse formation can also be induced
by substrate immobilized lipid bilayers containing a cognate
pMHC and the adhesion molecule ICAM-1 (Grakoui et al.
1999). Substrate-immobilized lipid bilayers containing a
cognate ligand have also been used to study stimulated
activation of mast cells through the IgE-receptor complex
(Wu et al. 2004). In order to properly understand these
phenomena, in immunology and elsewhere, we require good
experimental estimates of kinetic binding parameters for the
ligand—receptor interaction. For instance, T-cell activation
has been shown to depend on TCR-pMHC binding kinetics
(reviewed in Coombs and Goldstein 2005).

Measurement of kinetic parameters for ligand-receptor
binding can, for example, be performed using a Biacore
optical sensor (Biacore, AB, Uppsala, Sweden). The receptor
of interest is immobilized on the surface of a chip, and ligands
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flow through a cell above the chip leading to changes in its
optical properties (Garland 1996; Rich and Myszka 2000). It
is then possible to estimate the on- and off-rates of the ligand—
receptor interaction. However, a limitation of Biacore, and
indeed of most conventional techniques for estimating
binding kinetics, is that one or both binding partners are
freely diffusing in a three- dimensional volume, whereas in a
cell-cell or a cell-bilayer localized interaction they are
restricted to diffuse on two-dimensional (2D) surfaces. Thus,
Biacore measurements give three-dimensional (3D) reaction
rates, that depend on the the molar concentration in solution,
rather than 2D rates that depend on the surface densities of the
the binding partners. Moreover, the receptor is immobilized
on the chip surface and therefore, the potentially important
influence of the plasma membrane is neglected.

A few alternative approaches have been used, with
varying degrees of success, to estimate 2D binding affinities
and reaction rates. Using quantitative fluorescence micros-
copy, the 2D affinity of the T-cell surface adhesion
molecules, CD2 and CD28 to their ligands has been deter-
mined (Bromley et al. 2001; Dustin et al. 1996, 1997; Zhu
et al. 2007) as well as the 2D affinity of certain TCR/pMHC
interactions (Grakoui et al. 1999). Fluorescence resonance
energy transfer (FRET) is another fluorescence microscopy
technique that can be used to observe the association
between two fluorophores (Selvin 2000). Because of its
exquisite sensitivity to the distance between two fluoro-
phores, FRET is ideal for measuring nanometer scale
changes in spatial separation. FRET measurements have
been primarily used for assaying qualitative changes in the
association between interacting proteins (Hoffmann et al.
2005; Zal and Gascoigne 2004). Another possibility for
quantifying binding interactions is to use dual color fluo-
rescence correlation spectroscopy (FCS) which measures
correlated fluctuations in the signals from two different
fluorophores to infer a binding interaction between them
(Kim and Schwille 2003; Kohl et al. 2005). Both FRET and
FCS measurements are, at the present time, technically
challenging to implement. Moreover, these techniques
require distinct fluorescent tags on both the binding partners
of an interacting pair. These difficulties may explain why
there are very few measurements of kinetic parameters for
membrane-bound protein interactions.

In this study, we focus on the technique of fluorescence
recovery after photobleaching (FRAP), most commonly
used to measure diffusion coefficients of biomolecules
(Axelrod et al. 1976; Schlessinger et al. 1976), reviewed in
(Rabut and Ellenberg 2004). FRAP has recently been used
to measure kinetic parameters of 3D binding interactions
between a fluorescently labeled ligand and its unlabeled
binding partner (Beaudouin et al. 2006; Braga et al. 2007;
Carrero et al. 2003; Hinow et al. 2006; Sprague et al.
2004), comprehensively reviewed in (Sprague and McNally
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2005). These studies show that FRAP can yield 3D kinetic
parameters in a variety of settings, but subject to certain
assumptions that will not apply in the case of membrane-
restricted binding interactions. For instance, (Carrero et al.
2003; Hinow et al. 2006; Sprague et al. 2004) assumed
simple geometries and immobile binding sites for the
labeled receptor. More recently, Braga et al. extended this
analysis to the case when the binding sites are also mobile
and applied their analysis to examine the diffusion of
mRNA in the the nucleus (Braga et al. 2007). A potential
limitation of all these studies, discussed further in (Pando
et al. 2006), is that they yield compound parameters such as
the true equilibrium constant multiplied by the free receptor
concentration. Because the receptor is commonly assumed
to be in excess in these studies, some care is required in
interpreting the compound parameters obtained.

Here, we present an experimental protocol that can be
utilized to measure true (not compound) kinetic parameters
for a binding interaction between two mobile proteins
diffusing on nearby membranes. We allow for diffusion of
both the labeled receptor and the unlabeled ligand, and
perform our analysis using the rectangular geometry that is
commonly used in cell-surface experiments with a laser
confocal scanning microscope. We systematically identify
regions of parameter space in which the kinetic parameters
can (theoretically) be measured as well as those in which
they cannot. Finally, we fit a set of simulated FRAP
recovery curves using the outlined protocol, and we pro-
vide guidelines for fitting experimental FRAP recovery
curves to infer kinetic binding parameters.

Modeling
Full model

We begin our analysis with a reaction—diffusion system
that governs the dynamics of two diffusing species on a 2D
surface which bind with a 2D association rate k,,, and
unbind at a rate k.. One of the two species, the receptor, is
labeled with a fluorophore, and it binds to a complementary
ligand that is unlabeled. After photobleaching there is a
subpopulation of unlabeled receptors and unlabeled
receptor—ligand complexes. We use the following notation
to describe the surface densities of all the relevant species:

f = [labeled receptor],

f' = [unlabeled (photobleached) receptor],

¢ = [labeled complex], (1)
¢’ = [unlabeled (photobleached) complex],

s = [unlabeled ligand],

These quantities evolve according to the PDE system
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0Of /ot = D¢V — konfs + kogic, (2a)
dc/dt = DV + konfs — kogrc, (2b)
of'Jot = D¢Vf! — konf's + kot (2¢)
oc’ Ot = DV + konf's — koseC, (2d)
s/t = DV — konf"s + kogrc’ — konf + kofic, (2e)

where Dy, D, and D, are diffusion coefficients of the free
receptors, free ligands and bound complexes, respectively.
We assume that the system is at chemical equilibrium prior
to the FRAP experiment and that the fluorophores in the
bleaching region are instantaneously photobleached at time
t =0. Thus, for t <0, we have f(t) = F, f@® =0,
() = Ceq, () =0, and s(r) = Seq where the subscript
‘eq’ indicates the equilibrium density of the three species.
The photobleaching event at 7= 0 creates a new
subpopulation of unlabeled receptors and unlabeled
complexes in a localized region, ie. f'(f) >0 and
c'(H) >0 for t> 0. Moreover, because photobleaching
only removes the label and does not disturb the chemical
equilibrium, we can assume that s(f) = Seq for all 7.

Therefore, we define a pseudo on-rate k:n = kon Seq» and
rewrite Eqgs. 2a and 2b as:

of /ot = Dy — ko f + kogre, (3)
dc/dt = DNV ¢ + ki f — kogtc. (4)

To obtain theoretical FRAP recovery curves we must solve
Egs. 7 and 8 with appropriate initial and boundary condi-
tions reflecting the experimental geometry, and integrate
the total fluorescence f+ ¢ over the recovery region.
The resulting quantity, Gy, (f), gives the idealized FRAP
recovery curve and is a function of the bleaching geometry,
diffusion coefficients, and reaction rates. In Appendix A,
we describe how to efficiently evaluate Gy,.

Note that because s(¢) is invariant in time, the dynamics
of the labeled species are decoupled from those of the
unlabeled species, resulting in a simpler system of equa-
tions to analyze. With these assumptions, Eqs. 7 and 8
govern the dynamics of the two labeled species and by
solving them we obtain expressions for the observed fluo-
rescence recovery (Appendix A). As illustrated in Fig. 1,
we assume a rectangular bleaching region of dimensions X,
and Y, along the x and y directions, respectively, and a
monitoring region of dimensions X,, by Y, that is a smaller
subset of this bleaching region.

Reduced models

The full model defined by Egs. 3 and 4 can be well-
approximated by four simpler models in certain situations.
These model reductions are briefly described below, and

bleached
region

monitoring
region

Fig. 1 The geometry of a typical confocal FRAP experiment

formally derived in the Supplementary Material. In each of
these reduced models (1-4 below), the spatio-temporal
dynamics are governed by simple diffusion equations of
the form

Ou/dt = DV*u 5)

where D is a relevant diffusion coefficient for that model.
The problem of fitting FRAP data to estimate D can then be
solved as usual for the experimental geometry that is used
(Axelrod et al. 1976; Dushek and Coombs 2007; Ellenberg
et al. 1997; Goodwin and Kenworthy 2005). The solution
for the the geometry shown in Fig. 1 is described in
Appendix A.

Weighted diffusion (1)

One limit arises when k,,, and ko are not well-separated,
but the lifetimes of the free and bound states are much
smaller than their characteristic diffusive timescales. In this
regime, the labeled receptor switches rapidly between its
unbound form, with diffusion coefficient Dy, and its bound
form with diffusion coefficient D.. The FRAP recovery
curve Gyq(t) = U(t,Dy,q) (Eq. 14) then depends only on the
effective (or weighted) diffusion coefficient:

L S S
Y Gt T S

(6)

Dwd

where K = ko/kog. In this regime, only D4 can be
determined from the data.

Independent diffusion (2)
When the diffusive timescales are much shorter than the

lifetimes of the free and bound states, a labeled receptor
remains in its (un)bound state on the timescale of the FRAP
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experiment. In this case, there is no exchange between the
pools of free and bound fluorophores, and FRAP recovery
is a result of “independent diffusion” of these two pools
with diffusion coefficients Dy and D, respectively. In this
case, the FRAP recovery curve Giy(?) is a simple weighted
average of two independent FRAP recovery curves [Gp(?)
for free receptors and Gy.(#) for bound receptors]:

1 K*
——G(t —— G (1). 7
O + 1 Oel) )

Receptor diffusion dominant (3)

When ke > kin, the bound complex rapidly dissociates,
and the labeled receptor is almost always in the free state.
The FRAP recovery curve Gp(?) is then a function of Dy
alone. This regime is a subset of both the weighted and the
independent diffusion regimes.

Complex diffusion dominant (4)

When k:n > kogr, the labeled receptor is almost always in
the bound state. The FRAP recovery curve Gc(?) is then a
function of D, alone. Like the receptor diffusion dominant
regime, this regime is a subset of both the weighted and the
independent diffusion regimes.

The crucial difference between the full model and the
reduced models is that, for the full model, but not any of
the reduced models, all four parameters, Dy, D, ko and kogr
are required to completely describe the FRAP recovery
curves. In contrast, in parameter regimes where the full
model is reduced to one of these effective models, FRAP
recovery curves are well-described by a smaller subset of
parameters. Thus, in the weighted and independent diffu-
sion regimes, the necessary parameters are Dy, D, and K,
and in the two diffusion dominant regimes, only Dy or D,
are sufficient to fully describe the FRAP recovery curves.
Therefore in parameter regimes where one of these reduced
models is applicable, one cannot, with any statistical con-
fidence, estimate all four model parameters. Specifically, in
the two diffusion dominant regimes no binding parameters
can be estimated, and in the weighted and independent
diffusion regimes, only the binding affinity K~ can be
estimated. This categorization of the FRAP recovery
curves is the basis of our proposed protocol described
subsequently.

Structure of parameter space and model reductions

In the model reductions described earlier, we have made no
assumptions about the relative magnitudes of D¢ and D.. If
Dy = D, then we can see by adding Eqs. 7 and 8 that the
full system reduces to a single diffusion equation and no
binding information can be obtained. More generally, if D¢

@ Springer

and D. are close to each other, the region in parameter
space where the full model applies is small. On the other
hand, if the two diffusion coefficients are well separated
then the analysis of Sprague et al. (2004) applies (see
supplementary material).

We illustrate how the separation between Dy and D,
impacts the regions of parameter space where the model
reductions are relevant in Fig. 2. We evaluate the sum of
the squared residuals (SSR) between the full model and
either the weighted or the independent diffusion reductions.
In Fig. 2a—c we plot SSR contours as a function of k,, and
koge for biologically relevant values of Dy and D, (Favier
et al. 2001; Kenworthy et al. 2004). Further (Sprague et al.
2004), we consider the model reduction a good estimate to
the FRAP recovery if SSR < 1. We note that the closer the
two diffusion coefficients are to each other, the smaller is
the region where only the two-parameter full model pro-
vides a better fit to the data (compare Fig. 2a, b). When the
diffusion coefficients differ only by a factor of two, the
region where only the two-parameter full model is accurate
disappears (Fig. 2c). The structure of parameter space is
also illustrated in Fig. 3d where all four regimes are shown
(discussed later). As discussed in the following section,
we utilize the existence of these different regions in the
Kon—kofr parameter-space to quantify binding kinetics of the
receptor—ligand interaction.

Proposed experimental protocol

In the previous section we identified four parameter
regimes, in which the combined reaction—diffusion system
(Egs. 3, 4) is effectively reduced to a single diffusion
equation (Eq. 5). As discussed earlier, in those parameter
regimes, it is not possible to estimate the binding param-
eters kzn and kg independently. To do so, we must first
identify regions of parameter space where the full model
fits the data, i.e. outside regimes 1-4. In this section, we
propose an experimental protocol that, under suitable
conditions, can be used to obtain these binding parameters
by fitting a series of FRAP recovery curves. We consider
an experimental system consisting of a cell bearing fluo-
rescently labeled receptors on its surface, that is in contact
with a suspended planar bilayer bearing unlabeled ligands
at concentration St. We assume that the system is at
chemical equilibrium before each experiment (achieved by
waiting a sufficiently long time after the initial contact
between the cell and the bilayer).

Measuring diffusion coefficients

The first step is to establish the diffusion coefficients Dg¢
and D, if they are not already known. This can be done by
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Fig. 2 Quantifying full model
limits. We compute the sum of
the squared residuals (SSR)
between the full model, Eq. 21,
and cases 1 and 2 for 200
equally spaced time points
reaching 99% recovery. We plot
SSR contours as a function of
ks, and kogr. In a—c we see that
the region where the full model
is valid progressively decreases
as D, approaches Dy.
Parameters:
Xb=Yb=Xm:Ym=2um

Fig. 3 Numerically simulated
FRAP titration experiments
demonstrate the effect of
increasing ligand density on
FRAP recovery dynamics.
FRAP curves (a—c) were
numerically simulated as
described in the text, with
parameter values listed in
Table 1, and the total ligand
density St indicated in the
legend. The corresponding
points on the k:n— off parameter
space are shown in d, along
with the contours indicating the
applicable model regimes. Only
contours of SSR = 1 are shown
(gray: pure diffusion (free),
dotted gray: pure diffusion
(bound), black: weighted
diffusion, dotted black:
independent diffusion). The
contour lines were generated as
described in Fig. 2
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performing a straightforward FRAP experiment in the
absence of the ligand (i.e. St = 0), and fitting the recovery
curve to Eq. 9 to establish Dy. The FRAP experiment can
then be repeated with a saturating density of the ligand
(such that all the receptors are engaged) to establish D..
These two FRAP experiments correspond to the two pure-
diffusion limits of the full model (cases 3 and 4), respec-
tively. If Dy is found to be close to D. then successful
measurement of the binding kinetic parameters is not
expected in our protocol.

Ligand titration experiment

Having established the diffusion coefficients of the free and
bound forms, the key experiment is to ‘titrate’ the ligand
density, by performing FRAP experiments with a range of
intermediate ligand densities. As the total ligand density,
ST, increases, the equilibrium free ligand concentration,
Seq» also increases according to the following equation
(derived from a conservation equation):

K(Sr—Fr)— 1+ \/[1 + K(Sr + Fr)|* — 4SrFr
Seq = 2K ’
(8)

where Fr is the total receptor concentration and K = k,,/
kogr is the 2D equilibrium constant. As a result, the pseudo-
on rate, k:;n = kon Seq» also increases, and the system tra-
verses the ky—kogr parameter-space parallel to the k., axis
(Fig. 3d). As shown in Fig. 3d, for different k., values, a
different model will best describe the FRAP recovery
curve. In other words, as the total ligand concentration, St
is varied in a controlled fashion, each resulting FRAP
recovery curve is best fitted by a particular model,
depending on the location of the system on the k:n—koff
phase plane.

In Fig. 3a—c the recovery dynamics are progressively
slower as the ligand density increases because receptor—
ligand binding effectively slows down the diffusion of the
receptors, D, < Dy. The idea is to perform a series of FRAP
experiments traversing the Kok phase plane (Fig. 3d)
and, for each experiment, establish which model best
describes the FRAP recovery curve. For example, for the
recovery curves shown in Fig. 3b, with k. = 0.01 s, the
system traverses from case 3 (receptor diffusion dominant),
via the full model regime, to case 4 (complex diffusion
dominant).

Data fitting
The goal is now to classify each of the recovery curves for

intermediate ligand densities into one of case 1, case 2 or
the full model. Each recovery curve is initially fit using all
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P T+ exp(—AAIC/2)"

three different models: the two-parameter full model
(Eq. 21), a one-parameter diffusion model (case 1: Egs. 6,
14), and a one-parameter independent diffusion model
(case 2: Egs. 7, 14). For each fit, we determine the best-fit
value of the parameter(s) for that model. The relative
quality of the three fits are then compared on the basis of
the sum-of-squared-residuals (SSR), where a lower SSR
indicates a better fit. However, to compensate for the dif-
ference in number of parameters, we use Akaike’s
Information criterion (AIC) as a metric for comparing the
quality of fits (Akaike 1973; Motulsky and Christopoulos
2004). AIC, defined as:

AIC = nIn(SSR/n) + 2P (9)

where n is the number of data points, and P is the number
of parameters, balances the gain due to a lowered SSR with
the penalty for an increase in the number of parameters.
The model with the lowest AIC value is considered to be
the best descriptor of the experimental data.

We use the quality of fits, as quantified by AIC (Eq. 9),
to select the appropriate model(s) for parameter estimation.
For each recovery curve, we identify the fit with the lowest
AIC value. The other two fits are quantified by the differ-
ence in their AIC value from this fit. The difference, AAIC,
is a measure of the probability of the other model being an
equally likely descriptor for the FRAP recovery curves.
The probability of each model is given by’

exp(—AAIC/2)

(10)

In practice, a fit with AAIC > 10 indicates that the model
under consideration is extremely unlikely compared to the
best model, and a fit with AAIC < 2 indicates that the
model is nearly as likely as the best model (Motulsky and
Christopoulos 2004).

We use the relative quality-of-fit for the three models to
determine (for each one of the the FRAP experiments)
whether or not k:;n, kosr and K" can be found. Three sce-
narios emerge:

Scenario 1. AAIC < 10 for both one-parameter models.
The system is in a pure diffusion limit and no
estimates of binding parameters can be
obtained.

AAIC < 10 for exactly one of the one-
parameter models. The system is in the
regime best described by that model, and the
best-fit value of the pseudo-affinity K~ is
obtained.

AAIC > 10 for both the one-parameter
models. The system is in the full model
regime and best-fit values of kzn and kg are
obtained.

Scenario 2.

Scenario 3.
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This procedure rejects any fits with AAIC > 10 as being

too unreliable for parameter estimation. Categorizing the
fits into these three scenarios is motivated by the existence
of different model regimes in the kon—Koge parameter space.
As shown in Fig. 3d, the points corresponding to the
recovery curves for a titration will transition from one
diffusion-dominant regime to another diffusion-dominant
regime as the ligand concentration is increased. In the
diffusion-dominant regimes, the recovery dynamics are
well-described by either of the two one-parameter models
(scenario 1). For intermediate concentrations, however, the
system is in either the full model regime, or in a one-
parameter model regime. When the system is in a
weighted-diffusion or independent-diffusion regime, the
recovery dynamics are best fitted exclusively by the
corresponding one-parameter model, and not the other
one (scenario 2). Finally, in scenario 3, the system is in the
full model regime, and neither of the two one-parameter
reductions are appropriate descriptors of recovery
dynamics.

Parameter estimation

In scenario 1, the system is in a regime where no binding
information can be obtained. In scenario 2, we determine
the pseudo-affinity K~ using the one-parameter model with
AAIC < 10. If this is the independent diffusion model, then
the parameter K is directly determined from the fit. If this
is the weighted diffusion model, then the fitted parameter is
Dyq, and K~ is obtained by rearranging equation 6:

K* _ Df - Dwd
Dyq — D¢

(11)

Additionally, in scenario 2, it is also possible that
AAIC < 10 for the full model, and we have another esti-
mate for K~ from the full model fit, given by the ratio k,,/
kotr- We combine the parameter estimates from the two fits
by using the probability, P (Eq. 10), of each model as a
weight, and calculate the weighted mean of the best-fit K .
In scenario 3 fitting the full model provides estimates of kg
and kg, as well as K = kf,n/koff.
Estimates of the pseudo-affinity, K~ (scenario 2) and the

pseudo-association rate, an (scenario 3), can be converted
to the true 2D affinity, K = K*/Seq and association rate,

kon = kZH/SeCl using the free ligand concentration S, given
by:
K*
Seq = St — ——Fr, 12
q T 1 + K T ( )

where St and Fr are the known total ligand and total
receptor concentrations, respectively, and we use the best-
fit estimate of K~ from the fits. However, the estimate of the
true parameters is unreliable when S.q ~ 0 because of the

small value of the denominator in the expressions for kg,
and K. In practice, we find that when the ratio S.o/St
becomes small, that is, at equilibrium only a negligible
fraction of the total ligand is unbound, the estimates of the
true parameters can deviate significantly from their actual
value.

Simulated experiments
Simulated FRAP titrations

To test our protocol, we simulated three sets of numerical
experiments, and applied in the earlier data-fitting and
parameter-estimation procedure to the simulated datasets.
These simulations model the interaction between a recep-
tor-ligand pair, with a fixed k,, and three different kg
values, representing, for example, a range of binding
affinities of pMHC for a particular TCR. Table 1 lists the
parameter values used to generate the simulated data. We
use biologically relevant reaction rates between cell surface
proteins (Davis et al. 2003; Grakoui et al. 1999), typical
diffusion coefficients for membrane proteins (Favier et al.
2001; Kenworthy et al. 2004), and commonly used sizes
for the bleach and monitoring regions (Kenworthy et al.
2004). The Einstein—Stokes relation predicts that if two
particles with individual diffusion coefficients Dy and Dy
bind together, the complex will have diffusion coefficient
DDyJ(Ds + D) (assuming their drag coefficients are
additive). Supposing Dy ~ Dy for similar surface proteins,
this estimate yields that the complex will be roughly half as
diffusive. However, proteins diffusing in a lipid membrane
may not behave as ideal Brownian particles (Saffman and
Delbruck 1975), and upon binding the resulting complex
may have a drag coefficient different from the sum of the
individual drag coefficients. We therefore take this

Table 1 Parameters used for numerically simulating FRAP recovery
curves shown in Fig. 3

Parameter Value

Dy 0.5 (pm)?s~!

D. 0.05 (um)>s~"

Fr 100 (pm)~2

X 6 pm

Y, 3 um

X, 2 pm

Y, 3 um

kon 0.01 (um)*s—1

kogt 10~*s~! (Experiment A, Fig. 3a)
1072 s~ (Experiment B, Fig. 3b)
1s™' (Experiment C, Fig. 3c)
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estimate as only an upper bound on D., and assume D, =
0.1 Dy in our simulations (Table 2).

For each experiment, we chose a set of increasing St
values to simulate the effect of titrating in an increasing
density of pMHC into the lipid bilayer. The corresponding
recovery curves are shown in Figs. 3a—c. Individual
recovery curves were generated using the full model (see
Appendix A) for the given choice of parameter values. 10%
Gaussian noise was added to the solution, to model typical
experimental errors in FRAP measurements. Each FRAP
recovery curve shown in Fig. 3a—c is the average of ten
such individual recovery curves. The location of points on
the k:n—koff parameter-space are indicated by correspond-
ing colored dots in Fig. 3d. The SSR contours in Fig. 3d
indicate that for different St values (i.e. different k., values

through Eq. 8) a different model will best describe the
FRAP recovery.

Fitting simulated data

We applied the fitting procedure previously described to
the simulated FRAP titrations. For each experiment, we
first fit the recovery curves with St =0 to Eq. 9, and
determined the best-fit values of Dy = [0.50,0.50,0.49]
(um)?s~!, for experiments A—C (Fig. 3a—c), respectively.
Similarly, for each experiment, we also fit the titrations
with the highest St value and obtained the best-fit values of
D, = [0.050,0.051,0.059] (um)?s~", respectively.

Having established the diffusion coefficient of the free
receptor and bound complex, we next fit the intermediate

Table 2 Parameter values used in numerical simulations, and the estimates from fitting the simulated FRAP titration data

s

-1

koge 87! K (;.un)72 St (um)72 K kon S Fit scenario
Simulation parameters
Experiment A
0.0001 100 1 0.0101 1.01 x 107° 1
40 0.666 6.66 x 107° 2
80 3.99 3.99 x 1074 2
200 1.00 x 1074 1.00 1
Experiment B
0.01 1 1 0.0100 1.00 x 107* 1
40 0.649 6.49 x 1073 3
80 3.29 0.0329 3
200 1.01 x 1072 1.01 1
Experiment C
1 0.01 1 5.01 x 1073 5.01 x 1073 1
50 0.281 0.281 2
200 1.41 1.41 2
1000 9.10 9.10 2
Experiment St (um)*2 K" koy 7! koge 81 Seq/ST K (um)f2 kon (um)2 s7!
Fitted parameters
A 1
40 0.667 125 x 1074
80 3.88 0.00631
200
B 1
40 0.692 7.67 x 1073 0.0111 —0.0222
80 3.31 0.0309 0.00933 0.0401 1.03 0.00963
200
C 1
40 0.269 0.576 0.00934
80 1.46 0.703 0.0104
200 11.082 0.908 0.0122
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FRAP recovery curves in each experiment to all the three
models, i.e. weighted diffusion (case 1), independent dif-
fusion (case 2), and the full model. We used the best-fit
values of Dy and D, as determined from fitting the two
limiting FRAP curves, as known constants in these equa-
tions. Thus, for each intermediate FRAP curve in a titration
we obtained the best-fit value of the the model parameters
D4, K, kf,,, and k.g. These best-fit parameter values, the
SSR from the corresponding fits, and the resulting AIC
statistics for the intermediate FRAP recovery curves from
all three titrations are shown in the supplementary material.

Based on the AAIC values of the three fits for each
curve, we identify the particular scenario that is applicable
for parameter estimation. As described in detail previously,
for a fit in scenario 2 we can determine the pseudo-affinity,
K*, and for a fit in scenario 3 we can also determine the
pseudo-on rate kzn and the off-rate k.. In Table 1 we list
the identified fitting scenario for each FRAP curve, and
parameter estimates for fits in scenarios 2 and 3. Com-
paring the fitted parameter values with those used for
simulating the data, we note that for all fits under scenarios
2 and 3, the fitted parameter values are close to their actual
values.

We also list the ratio S.o/St in Table 1. This is deter-
mined using the known ST, and Fr values, and the fitted K
values. When this ratio S./St > 0.01, we are additionally
able to estimate the true 2D on rate k,, (Experiment B), and
the true 2D affinity K (Experiments B and C) for the
ligand-receptor pair. The ratio S.o/St measures the fraction
of ligands that are in an unbound state at equilibrium. Thus,
this fraction is small for high-affinity ligands, and also at
low-ligand densities. Thus, under these conditions, we are
unlikely to reliably determine the true 2D kinetic param-
eters. In the previous numerical simulations, the receptor—
ligand affinity is the greatest for Experiment A, for which
we observe the smallest values of this ratio. For the lower
affinities in Experiments B and C, S.4/St is large enough
for progressively higher ligand concentrations, allowing
reliable estimates of the true 2D parameters.

Experimental outlook

In the previous sections we proposed a confocal FRAP-
based protocol to measure true 2D binding parameters
between a membrane-associated receptor—ligand pair, and
tested its applicability with numerically simulated FRAP
recovery curves. Here, we point out some experimental
challenges that need to be overcome for a successful
application of this protocol.

A key requirement of our protocol is the prior knowl-
edge of the diffusion coefficients of free and bound forms
of the receptor. We suggest conducting FRAP experiments

in the absence of any ligand to establish the former, and in
the presence of a saturating concentration of the ligand, to
establish the latter. A limitation of this approach may be
the low surface density of free receptors resulting in a low
signal to noise ratio in the FRAP experiments. Nonetheless,
translational diffusion coefficients of a variety of cell-sur-
face proteins, including a GFP conjugated TCR, have been
successfully measured using FRAP (Favier et al. 2001;
Kenworthy et al. 2004), and we expect that for an experi-
mental system of interest such measurements will be
feasible. Alternatively, overexpressing the receptor of
interest could further enhance the signal to noise ratio for
receptors with low surface density. When the receptors are
engaged, possible complications in FRAP measurement
may arise from clustering of receptors into microclusters,
observed for TCR—pMHC interactions (Campi et al. 2005)
or a substantial immobile fraction (Favier et al. 2001).
However, these effects are cytoskeleton-dependent, and are
abrogated in the presence of pharmacological inhibitors of
actin polymerization such as latranculin-A.

The more challenging requirement of our protocol is the
accurate and reproducible measurement of the surface
densities of both binding partners. In cells expressing a
genetically encoded fluorescently-labeled protein, one
often observes a heterogenous population with varying
expression levels, that may be difficult to quantify, without
a detailed knowledge of the photophysical properties of the
fluorophore in an intracellular environment. Fluorescent
calibration beads have been successfully used to quantify
the surface density of TCR on cells in similar experiments
(Campi et al. 2005). Further, it is possible to maintain a
relatively uniform expression level by isolating a single
clone and proliferating it, or alternatively by sorting cells
on the basis of fluorescence intensity and retaining a pop-
ulation with a relatively homogenous expression level.
Likewise, by loading liposomes with varying concentra-
tions of the specific ligand during bilayer preparation, it is
possible to control the ligand surface density on a lipid
bilayer (Grakoui et al. 1999; Varma et al. 2006; Zhu et al.
2007).

Lastly, as with all FRAP experiments care must be taken
to minimize errors due to the finite bleach time (Braga
et al. 2004; Klonis et al. 2002), the shape of the bleaching
beam (Braga et al. 2004) and the finite domain (Dushek
and Coombs 2007). Incomplete FRAP recovery, in the
absence of binding, could arise from an immobile fraction
(Klonis et al. 2002). By defining M; to be the fraction of
proteins that are mobile, we can correct for situation when
M; < 1 by simply multiplying the FRAP recovery by this
fraction (see Klonis et al. 2002; Dushek and Coombs
2007). Additionally, our method and indeed the most
common FRAP analyses are not applicable when there is
appreciable membrane curvature. For a detailed discussion
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of the applicability of FRAP to curved membranes see
Sbalzarini et al. (2006).

Conclusions

We have outlined an experimental protocol for determi-
nation of Kkinetic parameters for membrane-restricted
binding of a ligand and receptor, based on titrating the
density of the unlabeled substrate (ligand) and measuring
FRAP recovery dynamics of the labeled receptor. As the
ligand density increases, the system transitions from a
diffusion-dominant regime where the protein is predomi-
nantly unbound, to another diffusion-dominant regime
where the protein is predominantly bound. The passage
between these two diffusion dominant regimes is through
an intermediate regime where either the full model, or one
of either the weighted-diffusion model, or the independent
diffusion model are applicable.

As described earlier, and illustrated in Fig. 2, the extent
of this intermediate regime in parameter space is deter-
mined by the separation between the diffusion coefficients
of the free and the bound forms of the fluorophore. Thus,
when the diffusion coefficients of the bound and free forms
of a protein are sufficiently different, this method allows
for an estimation of the true two-dimensional on and off
rates for the binding or the true two-dimensional affinity.
Alternatively, if the diffusion coefficients are not suffi-
ciently different, this technique cannot discern any kinetic
information. Due to this constraint, it may be necessary to
slow down the diffusion of the ligand (and therefore, pre-
sumably of the bound complex), for instance via adhesion
to a large, or a slowly diffusing particle.

A distinct advantage of our technique is the need to
fluorescently label only one of the binding partners. Fur-
ther, the feasibility of our approach is at least partially
evident from a number of recent studies where FRAP has
been used to measure 3D binding constants in a variety of
settings (e.g. Braga et al. 2007; Carrero et al. 2003; Hinow
et al. 2006; Sprague et al. 2004). The study of Sprague
et al. assumed that the unlabeled binding partner was
immobile, whereas we analyze a more general model
without this constraint. Further, for sufficiently different
diffusion coefficients, our method allows us to fit for the
2D rate constant k., rather than the compound rate kzn =
konSeq- We additionally specialize to the commonly used
geometry of confocal FRAP on cell surfaces. Our method
also represents an alternative to that of Braga et al. (2007),
where FRAP measurements were used to elucidate the
binding-mediated diffusion of mRNA fragments in the
nucleus of HeLa cells. In that study, a relatively complex
method was used to fit the data, involving repeated
numerical solution of the partial differential equations for

@ Springer

the diffusing species. Our fitting technique is conceptually
simpler, involving fitting only a relatively simple expres-
sion to the data.

We also point out some experimental challenges for a
successful implementation of our protocol. One of the
key requirement of our method is an accurate estimation
of the surface density of the two binding partners, and
we foresee this to be a key experimental challenge
toward a successful implementation. Our analysis has
also ignored other sources of experimental error such as
background photobleaching of the fluorophore, fluores-
cence recovery during the finite bleaching time,
geometric effects stemming from the beam shape, etc.
discussed elsewhere (Rabut and Ellenberg 2004). Not-
withstanding these difficulties, our proposed experimental
technique offers a conceptually simple alternative to
existing methods for quantifying receptor—ligand binding
interactions on membranes.
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discussions.

Appendix: evaluation of theoretical FRAP recovery
curves

Simple FRAP analysis

In typical surface photobleaching experiments, the photo-
bleached area is much smaller than the total area of the
plasma membrane. Therefore, we can assume that the
domain is effectively infinite in extent without introducing
appreciable error. For the parameter regimes that reduce to
simple diffusion (cases 1-3), the FRAP recovery curve is
determined by Eq. 9 with initial conditions

u(t=0)=1—-[Hx+X,/2) —H(x—X,/2)|][H(y + Y»/2)

—H(y —Y,/2)] (13)
where H(x) is the Heaviside step-function. This is easily
solved by Fourier transform, and the desired FRAP
recovery curve is then obtained by integrating u over the
monitoring region (—X,,/2 < x < X,,/2,—Y,,/2<y<Y,/2),
to obtain the following expression for the theoretical FRAP
recovery curve (Dushek and Coombs 2007):

VDt
21X, Y,
+ [exp(—Xi) — exp(—X%)]}

x {/nlY erf(Y,) — Y_erf(Y_)]
+ [exp(—Y?) —exp(—Y?)]} (14)

where we define

Ut,D)=1-— {Vr[X erf(X,) — X_erf(X_)]
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Xb:tXm YbiYm (]5)
4+/Dt 4Dt -

This expression can be fit to data to determine the
parameter D.

X, = and Y. =

FRAP with binding kinetics

We are now concerned with solving Eqs. 3 and 4. Taking
the Fourier transform (denoted with hats), we obtain the
linear system

of ot =
oc¢/ot =

K f + kot
B)é +kiof —

We define gy = 47°D; (¢° + ¢°)) + kon and g, = 47° D,
(@ + qzy) + kogr to obtain

of

Di(—4n’q;, — 4n’q))f — (16a)

D (—4n*q* — 4n kofrC. (16b)

r = *foA ~+ kot €, (17a)

o¢ ., & .

i =k f—qcc, (17b)

whose solutions are

f= [(1/2) )f (r = 0) (exp(Di1)(ge — g7 +v)
Fexp(D) (. +4p 1) (182)
+kott¢(t = 0)(exp(D1t) — exp(Dqt))],

é = L[(1/2)é(t = 0) (exp(Dir) (~g + 5 +v)
+exp(Dat) (gc — g +v)) (185)

k2 f (t = 0)(exp(Dit) — exp(Dar))]

where v = [(g.—qp* + 4kon kotrl %, D1 = (—qe—q7 + v)/2,
D, =(—gq.-—q~v)2. f(t=0)and é(t =0) are Fourier
transforms of the initial conditions,

f(t = 0) = —Fegsinc(nX,q.)sinc(nYsgy) + Feqd(q:)3(qy)
(19a)

é(t = O) = CqSinC(TEXb%c)SinC(TCquy) + Ceqé(%r)é(qy)'
(19b)

where Foq = Kot/ (kon + kofr) and Feq = kon/(kon + kotr). We
obtain these relationships by assuming that the system is in
equilibrium prior to the FRAP experiment (kf,n Feq = kogt
Ceq) and the FRAP recovery can be normalized to unity
(Feq + Ceq = 1), see Sprague et al. (2004).

It is not possible to obtain an analytical inverse Fourier
transform of these equations, and therefore theoretical
FRAP recovery curves must be numerically computed.
These are obtained by integrating the sum f + ¢ over the
monitoring region, and dividing by the area of the

monitoring region to obtain the mean fluorescence intensity
over this area. Thus, for a rectangular monitoring region of
dimensions X,, (< X,,) by Y,, (£ Y}), the recovery curve is
given by

Xn/2 Y /2
Gnl)=| [ [ i) el /L)
—Xn/2 —Y,/2
(20)
and, by definition of the inverse Fourier transform,
Gm (1 dy d%c dqy f(t.qxay)
=Y
+e(t, qx,qy)] X exp(2qux) exp(2mqyy)
/ dg. / day [ (t,4x,ay) +€(t,qx,qy)]
sinc(ng X, )sinc(ngy Yy,
=4/dqx/dqy [ (t,4x.qy) + E(, 4, 0)]
0 0
sinc(7mg, X, )sinc(ngyYo,),
(21)

which we compute by numerical integration. We found
integrating to 15-20 in g, and g, yields sufficient accu-
racy for our purposes. Using the Matlab function quadl,
the above integral can be evaluated 100 times (typical
number of images in FRAP experiments) in approxi-
mately 3 s, allowing parameter fits in a reasonable
timeframe using a standard fitting procedure. All fits
presented in this work were carried out using the Matlab
function 1sqcurvefit.
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